Abstract-If the parameters of the materials, such as electric permittivity, magnetic permeability, and conductivity, vary explicitly with time, the corresponding Hamiltonian is a timedependent form and such materials are classified as the time-varying media of light. The quantization of electromagnetic fields in time-varying linear media is well described by means of the invariant operator theory of Lewis-Riesenfeld. The Coulomb gauge is chosen in the development of theory, which allows us to evaluate quantized electric and magnetic fields by expanding only the vector potential in charge free space, since the scalar potential in this situation vanishes. The generalized coherent state, i.e., Gaussian-Klauder state, of electromagnetic fields confined inside a cavity filled with a nontrivial conductive medium is investigated. The Gaussian-Klauder state provides a general means of construction for Husimi-Wigner distributions and can be used to show the quantum and classical correspondence. We confirmed that the uncertainty product in Gaussian-Klauder state is the same as the minimum uncertainty product in number state. This property of the generalized coherent state is well agree with that of the well known Glauber coherent state.
INTRODUCTION
Coherent states are important concept in quantum physics, since they are fruitfully being utilized in many areas of dynamical systems. In recent years much interest was aroused in generalizing the coherent states, together the concern in their applications to particular systems. Various schemes to prepare generalized coherent states are proposed through different definitions of coherent states. Soon after the suggestion of the standard coherent states for harmonic oscillator by Glauber [1] , a generalization of Glauber's coherent states is suggested by Titulaer and Glauber [2] . Afterwards, many attempts to build different families of coherent states have been followed. For such a large class of generalized coherent states and their properties, one may refer to Refs. [3] [4] [5] [6] .
About a decade ago, a significant progress has been made in constructing generalized coherent states for the problem of Coulomb potential system by Klauder [3] and by Majumdar et al. [4] . Fox [5] established and studied the genuine Gaussian generalized coherent states for hydrogen atom, so called the Gaussian-Klauder states, along a construction procedure proposed by Klauder [3] . Gaussian-Klauder states provide a general means for constructing Husimi-Wigner distributions [6] and can be used to show the quantum and classical correspondence. Recently the Gaussian-Klauder states are applied to diverse quantum systems beyond simple harmonic oscillator and standard Coulomb potential system [7, 8] .
The purpose of this paper is to apply Gaussian-Klauder states into quantized electromagnetic fields in time-varying linear media. When the parameters of media such as the conductivity, electric permittivity, and magnetic permeability are explicitly dependent on time, the medium is classified as time-varying media. Recently, the quantization problem of light in time-varying linear media is interested in the community of quantum optics. A quantum model associated to producing excitation of the radiation modes in a time-dependent dielectric inside a double cavity is studied by Cirone et al. [9] . Several years ago, a simple scalar model is proposed by Crocce et al. in order to explain resonant photon creation from vacuum state in a thin semiconductor film, induced by the time-dependent conductivity in the presence of periodically irradiating short laser pulses [10] .
It was shown on the basis of the Maxwell's equations that the light in time-varying media is described by a time-dependent Hamiltonian [11] [12] [13] . The quantization on a fundamental level for the time-dependent Hamiltonian systems like this can be fulfilled via the invariant operator formulation [11] [12] [13] [14] [15] [16] [17] of quantum electrodynamics. In the previous papers [11, 12] , we used LewisRiesenfeld (LR) invariant operator method [14, 15] with the choice of Coulomb gauge in order to study the quantum properties of light in time-varying linear media. Further, the time behavior of electric and magnetic field operators have been analyzed for the light confined in a cavity filled with time-varying media and the light propagating under periodic boundary condition in time-varying media [11] . This paper is organized as follows. In Sec. 2, we present the quantization problem of electromagnetic fields in time-varying linear media on the basis of LR invariant operator method. The generalized coherent states of the system, that are Gaussian-Klauder types, will be investigated in Sec. 3 by taking advantage of the results obtained in Sec. 2. Finally, the concluding remarks are addressed in the last section.
QUANTIZATION OF ELECTROMAGNETIC FIELDS IN TIME-VARYING MEDIA
The quantization of electromagnetic fields in vacuum cavities or in infinite free space, that is treated in most text books of quantum optics, gives the same results as the case of standard harmonic oscillator. Such traditional quantization procedure may also be extended to that of electromagnetic fields described by time-dependent Hamiltonians by means of LR invariant operator method introduced by Lewis and Riesenfeld. The LR invariant operator method is very useful in investigating the quantum properties of various types of time-dependent Hamiltonian systems.
We start from fundamental Maxwell's equations in charge free space, that are given by
If electric permitivity , magnetic permiability µ, and conductivity σ do not depend on field strength, it is recognized that the medium is linear. The fields and current in time-varying linear media follow the relations
We use Coulomb gauge that provides a convenient way to quantize the electromagnetic fields. The velocity of light in time-varying media is given by c(t) = 1/[ (t)µ(t)] 1/2 . We can expand the electric and magnetic fields only in terms of vector potential since the scalar potential vanishes in charge free space under the choice of Coulomb gauge. Thus we have
According to well known method of separation of variables, we can represent the vector potential in terms of mode functions u l (r) and time functions q l (t) of each cavity mode such that
where l denotes different cavity modes of the field. Once the vector potential is identified, we can easily derive the electric and the magnetic fields from
The scalar potential does not regarded in the first equation of the above, since it is zero in charge free space. Some algebra after substituting Eq. (4) into Eq. (3) yields
where ω l (t) is the time-dependent natural frequency of mode l, that is given by
The mode function is determined by the geometric of the medium. For instance, it is given by
for the light confined in cubic cavity of side L, where V = L 3 is the volume of the cube andε x is the unit vector to the direction of x. The quantum Hamiltonian which gives the classical equation of motion, Eq. (7), iŝ
where operatorp l is defined byp l = −i ∂/(∂q) and
We can readily see that the commutation relation between the two conjugate canonical variables is
If we use the Maxwell's equations ∇ · E = 0 and ∇ × B = µJ + µ ∂E/∂t instead of the first and the forth of Eq. (1), the term involving˙ does not appears in Eq. (11) [11, 12] . Let us suppose that the classical solution of Eq. (7) takes the form
where C + and C − are constants and M l (t) and γ l (t) are some time functions that are real. By substituting the above equation into Eq. (7), we have the two equations from the real and the imaginary parts:M
Since the time-dependent function in the Hamiltonian Eq. (10) does not separated out from the function of canonical variables, the quantization procedure using conventional method may be quite difficult. In this case the employ of invariant operator is very helpful in quantizing the system. It is fully recognized in the community of theoretical physics researchers that the invariant operator method of LR [14, 15] provides a convenient way to quantize the time-dependent Hamiltonian system. By solving
where Ω l is a time-constant given by
andâ l andâ † l are the annihilation and creation operators which take the form
The ladder operators, Eqs. (17) and (18), are somewhat different from those of the simple harmonic oscillator and one can easily verify that they satisfy boson commutation relation, [â l ,â † l ] = δ ll . From now on, we consider only the monochromatic plane wave so that we can omit under subscript l from all notations for the shake of convenience. Let us write the eigenvalue equation of the invariant operator asÎ|n(t) = λ n |n(t) . Then, the eigenstates of the invariant operator in configuration space are given by [11] 
According to the invariant operator theory, the wave functions that satisfy Schrödinger equation can be expressed in terms of q|n(t) :
Hence the difference of the wave functions from the eigenstates of the invariant operator is as much as the time-dependent phases −γ(t) (n + 1/2). From inverse representations of Eqs. (17) and (18) together, we see that the canonical variables are written asq
With the help of Eq. (20), it is possible to derive the fluctuations of canonical variables, ∆q and ∆p. By multiplying them, we have the corresponding uncertainty relation in number state
Thus, the time variation of M (t) and γ(t) directly affects to the magnitude of the uncertainty relation. The uncertainty relation is always larger than or equal to /2 which is the physically allowed minimum uncertainty value for harmonic oscillator, since it is assumed that M (t) and γ(t) are real. When M (t) is constant with time, ∆q∆p reduces to (n + 1/2) which is the same as the uncertainty relation for the simple harmonic oscillator in number states.
GENERALIZED COHERENT STATES
In this section, we apply Klauder's construction of generalized coherent states for Hamiltonians which have discrete eigenvalue spectra to the system of electromagnetic fields in time-varying linear media The Gaussian-Klauder state for harmonic oscillator are defined as [6] |n 0 , φ 0 = 1
where n 0 is the center of the Gaussian distribution, φ 0 initial phase factor of the superposition of states, ς the standard deviation of the Gaussian, and N (n 0 ) is a normalization factor. From the normalization condition n 0 , φ 0 |n 0 , φ 0 = 1, we can see that N (n 0 ) = 
where we abbreviated the Gaussian factor as
. If we consider Eqs. (4) and (5), the expectation values of particular mode electric and magnetic fields in this state are
We expand all factors around n = n 0 since G(n) is largest at n = n 0 . This leads to [6] √ n+1
Now replacing sums by Gaussian integrals under the assumption that n 0 is sufficiently large, Eqs. (25)-(28) become
where
The leading orders for ς 2 = n 0 reduce to
Among various properties for generalized coherent states, we are interested in fluctuations of the fields and the uncertainty relation for canonical variables. Theoretical and experimental studies on quantum fluctuations for quantized electromagnetic fields may give great promise for understanding their quantum behaviors. The fluctuation of any observableÔ in the generalized coherent states is defined as
Hence form Eqs. (41)- (44), the fluctuations of the canonical variables are
By multiplying the above two equations, we can readily identify the uncertainty relation as
This exactly coincides with the zero-point uncertainty relation in the number state, that is identified from Eq. (23) with n = 0. For ordinary damped harmonic oscillator the parameters , µ and σ become constant, i.e.,˙ (t) = 0,μ(t) = 0,σ(t) = 0. Then, the time functions in Eq. (12) reduces to γ(t) = Ωt, M (t) = exp(− σ 2 t), where the time-constant Ω becomes a modified frequency which is the form Ω = [ω 2 − σ 2 /(4 2 )] 1/2 . The natural frequency ω is also constant in this case. Further, the uncertainty relation becomes
This precisely coincides with that of the Glauber coherent states [18] . Though the magnitude of this uncertainty relation does not affected by the value of µ, it increases as σ/ grows. If σ vanishes, Eq. (48) reduces to /2 which is the uncertainty relation for the simple harmonic oscillator in coherent states. From the substitution of Eqs. (41) and (42) into Eqs. (29) and (30), we have the expectation value of electric and magnetic fields
It is not difficult to find the expectation value of the square of the fields, with the aid of Eqs. (43) and (44). Hence, from Eq. (45), the corresponding fluctuations of the electric and magnetic fields
Thus, not only the fields but also their fluctuations decrease exponentially with time when Λ(t) is positive. If we consider Eq. (11), the dissipation of electromagnetic fields occurs when the conductivity σ is present in the medium and when the permitivity increases monotonically as time goes by. On the other hand, the fields are amplified exponentially when Λ(t) is negative.
CONCLUSION
The generalized coherent state, i.e., Gaussian-Klauder state is investigated for the electromagnetic fields in time-varying linear media using invariant operator method of LR. Two differential equations, each are related to two separated functions, i.e., mode function u l (r) and time function q l (t), are obtained under the choice of Coulomb gauge. Since the Hamiltonian given in Eq. (10) is explicitly dependent on time, we used invariant operator method in order to derive quantum solutions of the system. In terms of the creation and the annihilation operators that are different from those of the simple harmonic oscillator, the invariant operator is represented as a simple form [see Eq. (15) (24) in terms of eigenstates |n(t) provides the basic understanding for the classical limit of quantum electrodynamics and yields some insight into control of quantized electromagnetic fields. This state is characterized by the three parameters, n 0 , φ 0 , and ς: n 0 determines the motion of the quantum wave packet along the classical orbit; φ 0 determines the initial phase distribution of the states forming the wave packet; ς determines the standard deviation of quantum states that effectively form the coherent state [8] . If ς is large, the wave packet is initially well localized. Whereas the packet is initially less localized for small ς.
Using Eqs. (21) and (22), the fluctuations of canonical variables and the uncertainty relation are derived. By comparing Eq. (47) with Eq. (23), we see that the uncertainty relation in generalized coherent states is the same as that of the minimum value in number states. For ordinary damped harmonic oscillator, the uncertainty relation in generalized coherent states is reduced to that of the Glauber coherent states. The fluctuations of the electric and the magnetic fields are also derived. You can see from Eqs. (51) and (52) that both [∆E(r, t)] GCS and [∆B(r, t)] GCS decrease exponentially with time provided that Λ(t) is positive. Whereas they increase when Λ(t) is negative: this situation corresponds to the case of, for example, the electromagnetic field confined in dielectric media whose permitivity decreases monotonically with time.
Thus, the Gaussian-Klauder state enabled us to understand the fluctuation information that is of critical importance in quantum physics, leading the increment of our ability to understand the properties of the generalized coherent states and their valuable distributions. In general, the study of the coherent states (and squeezed states) provide a fundamental information of quantum fluctuations and open the way for new schemes of quantum communication that permits long-distance transmission of quantum cryptographic keys over ordinary fiber [19] .
